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Abstrat
Two sets of four 3 × 3 matries 1(3), ϕ1, ϕ2, ϕ3 and 1(3), µ1, µ2, µ3 are onstruted,
forming two unitarily isomorphi reduible representations 3 of the group Z2 × Z2 alled
often the four-group. They are related to eah other through the eetive neutrino mixing
matrix U with s13 = 0, and generate four disrete transformations of avor and mass ative
neutrinos, respetively. If and only if s13 = 0, the generi form of eetive neutrino mass
matrixM beomes invariant under the subgroup Z2 of Z2×Z2 represented by the matries
1
(3)
and ϕ3. In the approximation of m1 = m2, the matrix M beomes invariant under
the whole Z2 × Z2 represented by the matries 1(3), ϕ1, ϕ2, ϕ3. The eetive neutrino
mixing matrix U with s13 = 0 is always invariant under the whole Z2×Z2 represented in
two ways, by the matries 1
(3), ϕ1, ϕ2, ϕ3 and 1
(3), µ1, µ2, µ3.
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1. Introdution
As is well known, the neutrino experiments with solar νe's [1℄, atmospheri νµ's [2℄,
long-baseline aelerator νµ's [3℄ and long-baseline reator ν¯e's [4℄ are very well desribed
by osillations of three ative neutrinos νe , νµ , ντ , where the mass-squared splittings
of the related neutrino mass states ν1 , ν2 , ν3 are estimated to be ∆m
2
sol ≡ ∆m221 ∼
8 × 10−5 eV2 and ∆m2atm ≡ ∆m232 ∼ 2.5 × 10−3 eV2 [5℄. The eetive neutrino mixing




Uαi νi , (1)
is experimentally onsistent with the global bilarge form
U =





where cij = cos θij and sij = sin θij with the estimations θ23 ∼ 45◦ and θ12 ∼ 32◦ (i.e.,
c23 ∼ 1/
√
2 ∼ s23), while the matrix element Ue3 = s13 exp(−iδ) is negleted due to the
nonobservation of neutrino osillations for short-baseline reator ν¯e's, espeially in the
Chooz experiment [6℄ giving for s213 the upper limit s
2
13 < 0.04. We assume here that
0 ≤ θ13 ≤ pi/2, thus s13 = 0 implies c13 = 1.
However, the mixing matrix (1) (involving two experimentally tted mass-squared
sales ∆m221 and ∆m
2
32) annot explain the possible LSND eet for short-baseline a-
elerator ν¯µ's [7℄ that should require the existene of a third independent neutrino mass-
squared sale, say, ∆m2LSND ∼ 1 eV2. Unless the CPT invariane is seriously violated in
neutrino osillations [8℄ (leading to onsiderable mass splittings between neutrinos and
antineutrinos), suh a third sale annot appear in the osillations of three neutrinos. So,
if the ongoing MiniBooNE experiment [9℄ onrmed the LSND result, we should need one,
at least, light sterile neutrino in addition to three ative neutrinos in order to introdue
the third sale (in the ase, when the serious CPT violatrion was exluded).
The eetive neutrino mass matrix M = (Mαβ) (α, β = e, µ, τ) is onneted with the








if the avor representation is used, where the mass matrix of harged leptons e−, µ−, τ−




U∗αiMαβUβj = miδij (4)



















(without one Dira and two Majorana CP-violating phases for simpliity) that is redued












































































(m1 −m2) . (6)

























where csol = c
2
12 − s212 = cos 2θ12 and ssol = 2c12s12 = sin 2θ12. In Eq. (7), all three 3 × 3


















involving two antiommuting 3 × 3 matries. Diagonalizing both sides of Eq. (7), one
gets onsistently

 m1 0 00 m2 0
0 0 m3

 = m1 +m2
2


















2. Invariane of eetive mass matrix M in the ase of s13 = 0



















 −1 0 00 catm −satm
0 −satm −catm

 = diag (−1, catmσ3 − satmσ1) satm→±1−→







 1 0 00 −1 0
0 0 −1

 = diag (1 , −1(2)) ,
ϕ3 ≡

 −1 0 00 −catm satm
0 satm catm

 = diag (−1,−catmσ3+satmσ1) satm→±1−→







are 3 × 3 Hermitian matries with catm = c223 − s223 = cos 2θ23 and satm = 2c23s23 =
sin 2θ23 (here, the approximation of satm = ±1 i.e., c23 = 1/
√
2 = ±s23 is experimentally




 1 0 00 1 0
0 0 1

 = diag(1, 1(2)) , (12)
where 1
(2) = diag(1, 1), desribes the ative-neutrino identity transformation. The matri-
es (11) were already used in Ref. [10℄, but in the limit of satm → 1.
It is easy to see that the four matries 1
(3), ϕ1 , ϕ2 , ϕ3 satisfy for any catm and satm
the following algebrai relations
ϕ1ϕ2 = ϕ3 (cyclic) , ϕ
2
a = 1
(3) , ϕaϕb = ϕbϕa (13)
and also the onstraint
1
(3) + ϕ1 + ϕ2 + ϕ3 = 0 . (14)
The Cayley table equivalent to the relations (13) gets the form
1




(3) ϕ1 ϕ2 ϕ3
ϕ1 ϕ1 1
(3) ϕ3 ϕ2
ϕ2 ϕ2 ϕ3 1
(3) ϕ1
ϕ3 ϕ3 ϕ2 ϕ1 1
(3)
The algebrai relations (13) with 1
(3)
replaed by the generi unit element 1 (and ϕ1,
ϕ2, ϕ3  by three other generi group elements) haraterize a nite group Z2 × Z2 of
the order four often alled the four-group [11℄ (Z2 is the yli group of the order two).
It is isomorphi to the dihedral group [11℄ of the order four and also to the group of four
speial permutations
(
1 2 3 4




1 2 3 4




1 2 3 4




1 2 3 4
4 3 2 1
)
(15)
of four objets. As is known, all nal groups of the order four are isomorphi either to
the four-group Z2 × Z2 or to the yli group Z4 of the order four, these two being not
isomorphi to eah other. Both are Abelian. Note that the dihedral group of the order
4
six is isomorphi to the permutation group S3 of three objets, and the dihedral group of
the order eight is the group D4 onsidered in Refs. [12℄ and [13℄. They are non-Abelian.
Four 3 × 3 matries (12) and (11) onstitute a reduible representation 3 = 1 + 2 of
the four-group, where its representations 1 and 2 onsist of four numbers
1 , −1 , 1 , −1 (16)
and of four 2× 2 matries
1
(2) , catmσ3 − satmσ1 , −1(2) , −catmσ3 + satmσ1 , (17)
respetively. The representations 1 and 2 are, respetively, irreduible and reduible
but the seond is not redued (to the sum diag(1, 1) of two irreduible representations 1
onsisting of four numbers 1, 1,−1,−1 and 1,−1,−1, 1). The onstraint (14) with 1(3)
replaed by the generi unit element 1 (and ϕ1, ϕ2, ϕ3  by three other generi group
elements) is satised in both ases. But this onstraint is not inluded in the denition
of the four-group.
The four permutations (15) an be represented as a reduible representation 4 =




1 , γ5 are formal Dira 4× 4 matries in the Dira representation: σ(D)1 =
diag(σ1, σ1), γ5 = antidiag(1
(2), 1(2)) and, as always, 1(D) = diag (1(2), 1(2)). After a
unitary transformation of Dira matries, one an write γ5 = diag(1
(2) , −1(2)) and still
σ
(D)
1 = diag(σ1, σ1), as in the hiral representation. Then, 4 = diag (2, 2), where the seond
of two not redued representations 2 of the four-group is idential with its representation
(17), when catm = 0 and satm = −1 (or satm = 1, but then the elements σ(D)1 and γ5σ(D)1 of 4




2 , νµ , ντ )
T
, one would
obtain from the reduible representation 4 of the four-group its reduible representation
1 + 1 + 2 = 1 + 3, where 1 = (1,−1, 1,−1) and 3 = (1(3), ϕ1 , ϕ2 , ϕ3) as given in Eqs.
(16) and (12), (11) with catm = 0 and satm = −1 (or satm = 1, but then the elements ϕ1
and ϕ3 of 3 are interhanged). In general, the representation 4 of the four-group might
suggest the existene of a fourth light neutrino, νs, sterile in the gauge interations of
Standard Model. Then, the entries 1 and 2 in (1, 2, 3, 4)T ould be expressed through νs
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(1, 2, 3, 4)T = 0
is imposed on (1, 2, 3, 4)T . In fat, with γ5 = diag(1




(2) + σ1 + 1
(2) + σ1
)
(1, 2)T = 0 and
(
1
(2) + σ1 − 1(2) − σ1
)
(3, 4)T = 0
of whih the seond is satised for 3 and 4 identially, while the rst with σ1 = antidiag(1, 1)




[(1) + (2)] and 1√
2
[(2)− (1)] only the seond survives. Then, identi-
fying νs and νe with the rst and the seond superposition, respetively, one obtains
νs = 0 and νe = (2)
√
2 = −(1)√2. In suh a way νs may be eliminated indeed, giving




2, νµ, ντ )
T
, just as was formally onsidered above. After a
unitary transformation, where (1)→ 1√
2
[(1) + (2)] = 0 and (2)→ 1√
2





2, νµ, ντ )
T → (0, νe, νµ, ντ )T . Notie that, after this transforma-
tion, the rst of two representations 2 in 4 = diag(2, 2) beomes redued to the sum
diag(1, 1) of two irreduible representations 1 onsisting of four numbers 1, 1, 1, 1 and
1,−1, 1,−1.
Making use of the matries 1
(3), ϕ1 , ϕ2 , ϕ3 as given in Eqs. (12) and (11), we an
































 0 1 01 0 0
0 0 0

 , λ4 =







are two of the eight Gell-Mann 3× 3 matries (here, the approximation of satm = ±1 i.e.,
c23 = 1/
√
2 = ±s23 is experimentally satisfatory). Note that 12(1(3)+ϕ3) = −12(ϕ1+ϕ2).
With the matrix ϕ3 as given in the third Eq. (11), it is not diult to show from Eq.
(18) that in the ase of s13 = 0 the eetive neutrino mass matrix M is invariant under
the third (a = 3) neutrino transformation (10),
ϕ3Mϕ3 = M , (20)
while for the rst (a = 1) and seond (a = 2) transformations (10) one gets
ϕ1,2Mϕ1,2 = M + (m1 −m2)ssol(c23λ1 − s23λ4) m1−m2→0−→ M (21)
i.e., in the limit of m1 −m2 → 0 the eetive mass matrix M with s13 = 0 is invariant
also under the rst and seond transformations (10). So, in this limit, the matrixM with
s13 = 0 is invariant under the whole four-group.
It is also not diult to demonstrate that, inversely, the invariane (20), if imposed
on M , implies for s13 the restrition s13 = 0. In fat, Eqs. (6) for Mαβ valid for generi
s13, when substituted into Eq. (20), lead e.g. to the equality
Meµ = (ϕ3Mϕ3)eµ = catmMeµ − satmMeτ







This implies that s13 = 0 sine c13 6= 0. Then, with c213 = 1 the matrix M must have the
form (7) or (18), while with c13 = 1 the matrix U has to be redued to the form (2).
The proof that the restrition s13 = 0 follows from the invariane of M desribed
essentially by Eq. (20) (even if catm = cos 2θ23 6= 0) was presented previously in Ref. [12℄.
Suh an invariane (with catm = cos 2θ23 = 0 and s13 = 0) was onsidered also in Refs.
[13℄ and (14) as well as in Ref. [10℄.
3. Duality of atmospheri and solar mixing angle in the ase of s13 = 0
Four 3× 3 matries 1(3), µ1 , µ2 , µ3, where µa are dened by the unitary transforma-
tions
7
µa ≡ U †ϕaU (a = 1, 2, 3) , (23)
onstitute in the ase of s13 = 0 another reduible representation 3 = 2 + 1 of the four-
group, that is unitarily isomorphi to its previous representation 3 = 1 + 2, onsisting of
3 × 3 matries 1(3), ϕ1 , ϕ2 , ϕ3 introdued in Eqs. (12) and (11). In fat, with the use
of Eqs. (11) for ϕa (with any catm and satm) and the form (2) of U valid in the ase of
s13 = 0, we obtain
µ1 =

 −csol −ssol 0−ssol csol 0
0 0 −1

 = diag(−csolσ3 − ssolσ1,−1) ,
µ2 =

 csol ssol 0ssol −csol 0
0 0 −1

 = diag(csolσ3 + ssolσ1,−1) ,
µ3 =

 −1 0 00 −1 0
0 0 1

 = diag(−1(2), 1) . (24)
Reall that csol = c
2
12 − s212 = cos 2θ12 and ssol = 2c12s12 = sin 2θ12. Here, it is onvenient
to write 1
(3) = diag(1(2) , 1). Evidently, the four matries 1(3), µ1 , µ2 , µ3 satisfy for any
csol and ssol the algebrai relations idential in form with Eqs. (13),
µ1µ2 = µ3 (cyclic) , µ
2
a = 1
(3) , µaµb = µbµa , (25)
and also the onstraint idential in form with Eq. (14)
1
(3) + µ1 + µ2 + µ3 = 0 . (26)
The matries µa were already onsidered in Ref. [10℄, but in the formal limit of ssol → 1
(in ontrast to satm = ±1 i.e., c23 = 1/
√
2 = ±s23, the approximation ssol = ±1 i.e.,
c12 = 1/
√
2 = ±s12 is experimentally not satisfatory).






























(a = 1, 2, 3) . (27)
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Thus, the four-group transformations (27) of mass neutrinos νi (produed by three ma-
tries µa) are ovariant under the neutrino mixing (1): they transit into the four-group
transformations (10) of avor neutrinos να (generated by three matries ϕa).
In addition, Eqs (11) and (24) involving θatm = 2θ23 and θsol = 2θ12, respetively, being
related through the unitary transformations (23), tell us that the atmospheri and solar
mixing angles, θatm = 2θ23 and θsol = 2θ12 are in a way mutually dual in the proess of











Beside the duality relations U †ϕa (catm, satm)U = µa (csol, ssol) with ϕa and µa given in
Eqs. (11) and (24), respetively, we an show that









is the third Gell-Mann 3 × 3 matrix. The duality relation (29) follows from a diret
alulation using the form (2) of U valid in the ase of s13 = 0.
The formula (27) ompared with Eq. (28) shows that the eetive neutrino mixing
matrix U transforming νi into να is invariant under the four-group. The same onlusion
follows as a tautology from Eqs. (23) rewritten in the equivalent form
ϕaUµa = U (a = 1, 2, 3) , (31)
where ϕa and µa belong to two unitarily isomorphi representations 3 of the four-group.
4. Conlusion
Thus, if and only if s13 = 0, the generi form of the eetive neutrino mass matrix M
beomes invariant under the subgroup Z2 of the four-group Z2 × Z2 represented by 1(3)
9
and ϕ3. In the approximation of m1 = m2, the matrix M beomes invariant under the
whole four-group represented by the matries 1
(3), ϕ1 , ϕ2 , ϕ3.
In the ase of s13 = 0, the atmospheri and solar mixing angles, θatm = 2θ23 and
θsol = 2θ12, turn out to be mutually dual in the proess of neutrino mixing, what means
that U †ϕa(catm, satm)U = µa(csol, ssol) (a = 1, 2, 3), where catm = cos θatm, satm = sin θatm
and csol = cos θsol, ssol = sin θsol. Here, 1
(3), ϕ1 , ϕ2 , ϕ3 and 1
(3), µ1 , µ2 , µ3 onstitute two
unitarily isomorphi reduible representations 3 of the four-group (produing four-group
transformations of three avor and three mass neutrinos, respetively).
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